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SMALL SCALE EQUIDISTRIBUTION FOR A POINT SCATTERER
ON THE TORUS
NADAV YESHA
Abstract. We study the small scale distribution of the eigenfunctions of a point
scatterer (the Laplacian perturbed by a delta potential) on two- and three-dimensional
flat tori. In two dimensions, we establish small scale equidistribution for the “new”
eigenfunctions holding all the way down to the Planck scale. In three dimensions,
small scale equidistribution is established for all of the “new” eigenfunctions at
certain scales.
1. Introduction
1.1. Background. One of the main goals in the field of Quantum Chaos is un-
derstanding the distribution of quantum eigenstates in the semiclassical limit. For
example, the celebrated Quantum Ergodicity Theorem (“Shnirelman’s Theorem”)
[26, 32, 5] asserts that if the underlying classical dynamics of a quantum system is
ergodic, then almost all eigenstates are equidistributed in phase space. In particular,
letM be a smooth, compact Riemannian manifold, and let {φj} be an orthonormal
basis of L2 (M, dvol) consisting of Laplace eigenfunctions with corresponding eigen-
values {Ej} (where dvol is the normalized Riemannian volume form). If the geodesic
flow on M is ergodic, then there exists a density one subsequence {φjk}, such that
for every “nice” A ⊆M, we have
(1.1)
∫
A
|φjk (y)|2 dvol(y) ∼ vol (A) (k →∞) .
Moreover, it is expected [1, 2] that generically equidistribution should hold at smaller
scales, i.e., when A = Br (x) is the radius r geodesic ball centred at x, and r decays
slower than the Planck scale E−1/2j .
In this paper, we study small scale equidistribution for a point scatterer, or the
Laplacian perturbed with a delta potential on the flat torus Td = Rd/2πZd (d = 2, 3)1,
an important model in Quantum Chaos for studying the transition between chaos
and integrability. The underlying classical dynamics of a toral point scatterer is
integrable, since it is identical to the geodesic flow on the torus; on the other hand, the
1The normalization by 2pi is introduced to facilitate the notation below.
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eigenfunctions and spectrum of this system display chaotic features such as Gaussian
value distribution and level repulsion (see [23]).
1.2. Small scale equidistribution. Small scale equidistribution is a very active
area of research nowadays, though most of the results are partial. On the modular
surface, Luo and Sarnak [16] established (1.1) with balls A = Br (x) of radii r > E−αjk
(for some small α > 0) for a density one sequence of Hecke-Maass forms; Young
[17] showed that under the Generalized Riemann Hypothesis, (1.1) holds with balls
A = Br (x) of radii r > E−1/6j for all such forms. Hezari and Rivière [12] and
Han [8] established (a non-uniform version of) (1.1) with balls A = Br (x) of radii
r > (logEjk)
−α on compact negatively curved manifolds. Further results are due
to Han [9] (small scale equidistribution for random eigenbases on a certain class
of “symmetric” manifolds), Han and Tacy [10] (random combinations of Laplace
eigenfunctions on compact manifolds), Humphries [14] (small scale equidistribution
for Hecke-Maass forms, with balls A = Br (x) whose centres are random. See also
[7, 28] for results on the torus), and de Courcy-Ireland [6] (discrepancy estimates for
random spherical harmonics).
An example of a manifold with small scale equidistribution holding (almost) all the
way down to Planck scale is the the two-dimensional torus T2, as was demonstrated
by Lester and Rudnick [21] (see also Hezari and Rivière [13]), who showed that for
every orthonormal basis {φj} of toral Laplace eigenfunctions, there exists a density
one subsequence {φjk} such that
(1.2)
∫
Br(x)
|φjk (y)|2 dvol(y) ∼ vol (Br (x)) (k →∞)
uniformly for r > E−1/2+o(1)jk and x ∈ T2. More generally, for the d-dimensional torus
Td, they established (1.2) for a density one sequence of toral Laplace eigenfunctions
uniformly for r > E
− 1
2(d−1)
+o(1)
jk
and x ∈ Td, and proved that the lower bound on the
radii is sharp (a refined version of Lester and Rudnick’s result for the two-dimensional
torus was obtained by Granville and Wigman [7] more recently).
1.3. Toral point scatterers. A point scatterer on the torus is formally defined as
the rank one singular perturbation
(1.3) −∆+ α 〈δx0, ·〉 δx0
where ∆ is the Laplace-Beltrami operator, α ∈ R is a coupling parameter, and δx0 is
the Dirac delta potential at x0 ∈ Td. Rigorously, as described in [4], the operator (1.3)
is realized as a self-adjoint operator acting on L2
(
Td
)
via the theory of self-adjoint
extensions. One begins with the Laplacian acting on the domain of smooth functions
vanishing near x0; there exists a one parameter family of self-adjoint extensions of this
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operator denoted by ∆φ with φ ∈ (−π, π], each corresponding to an operator (1.3)
with a particular value of α (φ = π gives the trivial extension ∆π = ∆ corresponding
to α = 0, the only extension for manifolds of dimension d ≥ 4).
The spectrum of a non-trivial self-adjoint extension consists of two types of eigen-
values:
• The “old”, or unperturbed eigenvalues – these are the nonzero Laplace eigen-
values with multiplicities reduced by 1. The corresponding eigenfunctions are
precisely the Laplace eigenfunctions vanishing at x0.
• A set Λ = Λφ of “new” or “perturbed” eigenvalues, of multiplicity 1 each,
interlacing with the Laplace eigenvalues, so that there is a unique new eigen-
value between every two Laplace eigenvalues (its exact position depends on
the choice of the self-adjoint extension). For a new eigenvalue λ ∈ Λ, the cor-
responding L2-normalized new eigenfunction is gλ = Gλ/ ‖Gλ‖2, where Gλ is
Green’s function Gλ (x; x0) = (∆ + λ)
−1 δx0 .
The semiclassical limits of the new eigenfunctions of point scatterers on flat tori have
been extensively studied in recent years (for a survey on some of the results, see [27]).
Rudnick and Ueberschär [22] showed that for a point scatterer on a two-dimensional
torus, a density one subsequence of the new eigenfunctions are equidistributed in
configuration space, i.e., (1.1) holds along a density one subset Λ′ ⊆ Λ; by a density
one subset we mean that
lim
X→∞
# {λ ∈ Λ′ : λ ≤ X}
# {λ ∈ Λ : λ ≤ X} = 1.
In [29], it was shown that for a point scatterer on the standard three-dimensional
torus T3, equidistribution in configuration space holds for all of the new eigenfunc-
tions (and along a density one subsequence of the new eigenfunctions for point scat-
terers on tori with a Diophantine aspect ratio). Recently, we were able to establish
equidistribution in configuration space for tori with two point scatterers [31].
Equidistribution in full phase space (along a density one subsequence) was estab-
lished both on the standard two-dimensional torus T2 by Kurlberg and Ueberschär
[19], and on the standard three-dimensional torus T3 [30]. The quantum limits of a
point scatterer on a torus with an irrational aspect ratio (also known as the Šeba
billiard [23]) were further studied by Kurlberg-Ueberschär [20], who proved the exis-
tence of “scars”, i.e., localized quantum limits. The existence of scars for arithmetic
point scatterers was established by Kurlberg and Rosenzweig [18].
1.4. Statement of the main results. We now state our main results concerning
small scale equidistribution for the new eigenfunctions gλ of toral point scatterers.
We only discuss the standard flat two- and three-dimensional tori, although using
our arguments, analogous (albeit weaker) results for tori with more general aspect
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ratios may also be obtained. The first principle result asserts the small scale equidis-
tribution for the new eigenfunctions of a point scatterer on the standard flat two-
dimensional torus T2, holding (almost) all the way down to the Planck scale. In
particular, we significantly strengthen the main result in [22] in this case.
Theorem 1.1. Let d = 2, and fix φ ∈ (−π, π) . There is a subset Λ′ ⊆ Λφ of density
one, such that for every ǫ > 0,
sup
r>λ−1/2+ǫ
x∈T2
∣∣∣∣∣∣
∫
Br(x)
|gλ (y)|2 dy
πr2
− 1
∣∣∣∣∣∣→ 0
as λ→∞ along Λ′.
Next, we establish small scale equidistribution for the new eigenfunctions of a
point scatterer on the standard flat three-dimensional torus T3. For balls with radii
r > λ−1/12+o(1), our statement will hold for all new eigenfunctions, improving upon
the principal result in [29].
Theorem 1.2. Let d = 3, and fix φ ∈ (−π, π) . For every ǫ > 0,
sup
r>λ−1/12+ǫ
x∈T3
∣∣∣∣∣∣
∫
Br(x) |gλ (y)|2 dy
4
3
πr3
− 1
∣∣∣∣∣∣→ 0
as λ→∞ along Λφ.
If one is willing to exclude a thin set of energy levels, the exponent of the radii in
the three-dimensional case can be improved from −1/12 + ǫ to −1/6 + ǫ.
Theorem 1.3. Let d = 3, and fix φ ∈ (−π, π) . There is a subset Λ′ ⊆ Λφ of density
one, such that for every ǫ > 0,
sup
r>λ−1/6+ǫ
x∈T3
∣∣∣∣∣∣
∫
Br(x) |gλ (y)|2 dy
4
3
πr3
− 1
∣∣∣∣∣∣→ 0
as λ→∞ along Λ′.
In proving theorems 1.1, 1.2, and 1.3, we exploit the interlacing property of the
new eigenvalues in an essential way; however, we do not use any further information
regarding the exact position of the new eigenvalues. Thus, all of our results can be
easily formulated for λ-dependent sequence of φ. This is of significance, since the in
the physics literature one often considers self-adjoint extensions with φ varying with
λ (“strong coupling”, see [25, 27]).
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2. Point scatterers on the torus
2.1. The spectrum of the toral Laplacian. Let Td = Rd/2πZd (d = 2, 3) be
the standard flat d-dimensional torus, and let ∆ be the associated Laplace-Beltrami
operator. The spectrum of −∆ is the collection of all numbers that can be expressed
as a sum of d squares, denoted by
Nd = {0 = n1 < n2 < . . . } .
Recall that by Landau’s Theorem,
(2.1) # {n ∈ N2 : n ≤ X} ∼ K X√logX ,
where K = 2−1/2
∏
p≡3 (4) (1− p−2)−1/2 = 0.764 . . . is the Landau-Ramanujan con-
stant. In three-dimensions, n ∈ N3 if and only if in the representation n = 4an1 with
4 ∤ n1, the number n1 satisfies n1 6≡ 7 (8) . Moreover, as X →∞,
# {n ∈ N3 : n ≤ X} ∼ 56X.
Let rd (n) be the number of representations of n ∈ Nd as a sum of d squares. For
d = 2, it is well-known that
(2.2) r2 (n) = Oη (n
η)
(in fact, (2.1) implies that on average, r2 (n) is of order of magnitude
√
log n). For
d = 3, Siegel’s Theorem [24] implies that for n = 4an1 with 4 ∤ n1, we have
(2.3) n
1
2
−η
1 ≪η r3 (n) = r3 (n1)≪η n
1
2
+η
1 .
2.2. Toral point scatterers. Let x0 ∈ Td. A point scatterer, formally defined
in (1.3), can be rigorously realized via the following procedure: denote by D0 =
C∞c
(
Td \ {x0}
)
the space of smooth functions supported away from the point x0,
and denote by −∆0 = −∆↾D0 the Laplacian restricted to this domain. This is a sym-
metric operator with deficiency indices (1, 1), hence there is a one parameter family
of self-adjoint extensions, which we denote by −∆x0,φ, φ ∈ (−π, π]. For φ 6= π (the
extension φ = π retrieves the standard Laplacian), the spectrum of −∆x0,φ consists
of two types of eigenvalues:
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• The “old”, nonzero Laplace eigenvalues 0 6= n ∈ Nd, which correspond to the
Laplace eigenfunctions vanishing at x0.
• A set Λ = Λφ of “new” or “perturbed” eigenvalues, which are the solutions
to the equation
∑
ξ∈Zd
(
1
|ξ|2 − λ −
|ξ|2
|ξ|4 + 1
)
= c0 tan
φ
2
where
c0 =
∑
ξ∈Zd
1
|ξ|4 + 1 .
Thus, the elements of Λ interlace with the elements of Nd, i.e., between every two ele-
ments nk, nk+1 ∈ Nd there is a unique element of Λ, so we label Λ = {λ0, λ1, λ2, . . . },
where
(2.4) λ0 < n1 < λ1 < n2 < λ2 < n3 < λ3 < . . . .
As mentioned above, all of our results will still hold for an arbitrary set Λ whose
elements interlace with the elements of Nd. The corresponding eigenfunctions, which
are our main objects of study, are multiples of Green’s functions (∆ + λ)−1 δx0 , ad-
mitting the L2 expansion
Gλ (x; x0) := − (2π)d/2 (∆ + λ)−1 δx0 =
∑
ξ∈Zd
ei〈x−x0,ξ〉
|ξ|2 − λ .
Let
gλ (x) = gλ (x; x0) =
Gλ (x; x0)
‖Gλ‖2
be the L2-normalized eigenfunctions.
We will also work with a truncated version of the Green’s functions Gλ. Let L = λδ,
0 < δ < 1, and define the truncated Green’s function
Gλ,L (x; x0) =
∑
ξ∈Zd
||ξ|2−λ|<L
ei〈x−x0,ξ〉
|ξ|2 − λ
and the L2-normalized truncated Green’s function
(2.5) gλ,L (x) = gλ,L (x; x0) =
Gλ,L (x; x0)
‖Gλ,L‖2
.
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3. Proof of Theorem 1.1 (d = 2)
3.1. Preliminary lemmas. We now take d = 2, and recall the following lemma,
proved in [22] for two-dimensional flat tori with more general aspect ratios, which
shows that along a density one subsequence, the distance between consecutive ele-
ments in N2 is small, so that almost all λ ∈ Λ are close to an element of N2, implying
a lower bound on the L2-norm of Gλ. Recall the labeling (2.4), so that given λ ∈ Λ,
we can denote λ = λk, where
· · · < λk−1 < nk < λk < nk+1 < λk+1 < . . . .
Lemma 3.1 ([22, Lemma 2.1, Lemma 4.1]).
(1) Along a density one subsequence
{
nkj
}
⊆N2, the spacings of N2 satisfy
nkj+1 − nkj ≪η nηkj .
(2) There is a subset Λ′ of density one in Λ, such that for all λkj ∈ Λ′, we have
nkj+1 − nkj ≪η ληkj .
(3) For λ ∈ Λ′, we have ‖Gλ‖2 ≫η λ−η.
Lemma 3.2. There exists a density one subset Λ′ ⊆ Λ, such that for every η > 0,
0 < δ < 1, we have
(3.1) ‖gλ − gλ,L‖22 = Oη
(
λη
L
)
as λ→∞ along λ ∈ Λ′, where L = λδ.
Proof. We have
‖gλ − gλ,L‖2 =
1
‖Gλ,L‖2 ‖Gλ‖2
∥∥∥‖Gλ,L‖2Gλ − ‖Gλ‖2Gλ,L∥∥∥2
≤ ‖Gλ −Gλ,L‖2‖Gλ‖2
+
1
‖Gλ‖2
∣∣∣‖Gλ,L‖2 − ‖Gλ‖2∣∣∣
≤ 2‖Gλ −Gλ,L‖2‖Gλ‖2
.
Now,
‖Gλ −Gλ,L‖22 =
∑
||ξ|2−λ|≥L
1(
|ξ|2 − λ
)2 = ∑
n≥0
|n−λ|≥L
r2 (n)
(n− λ)2(3.2)
≪η λη
∑
|n−λ|≥L
1
(n− λ)2 ≪ λ
η
∫
|x−λ|≥L/2
1
(x− λ)2 dx≪
λη
L
.
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Thus, combining (3.2) with part (3) of Lemma 3.1, the bound (3.1) follows for the
density one subset Λ′ established in part (2) of Lemma 3.1. 
We use the truncated Green’s functions (2.5) to approximate the L2-mass of gλ
restricted to the ball Bx (r).
Lemma 3.3. There exists a density one subset Λ′ ⊆ Λ, such that for every η > 0,
0 < δ < 1, we have
sup
x∈T2
r∈R
∣∣∣∣∣
∫
Bx(r)
|gλ (y)|2 dy −
∫
Bx(r)
|gλ,L (y)|2 dy
∣∣∣∣∣ = Oη
(
λη
L1/2
)
as λ→∞ along λ ∈ Λ′, where L = λδ.
Proof. Let x ∈ T2, r ∈ R. Let 1Bx(r) be the indicator function of Bx (r) . Then by
the Cauchy-Schwarz inequality and by (3.1),∣∣∣∣∣
∫
Bx(r)
|gλ (y)|2 dy −
∫
Bx(r)
|gλ,L (y)|2 dy
∣∣∣∣∣
=
∣∣∣〈1Bx(r)gλ, gλ〉− 〈1Bx(r)gλ,L, gλ,L〉∣∣∣
≤
∣∣∣〈1Bx(r) (gλ − gλ,L) , gλ〉∣∣∣+ ∣∣∣〈1Bx(r)gλ,L, gλ − gλ,L〉∣∣∣
≤
∥∥∥1Bx(r) (gλ − gλ,L)∥∥∥2 + ∥∥∥1Bx(r)gλ,L∥∥∥2 ‖gλ − gλ,L‖2
≤ 2 ‖gλ − gλ,L‖2 ≪η
λη
L1/2
,
for λ ∈ Λ′, the density one subset established in part (2) of Lemma 3.1. The state-
ment of the lemma follows. 
In light of Lemma 3.3, Theorem 1.1 will immediately follow from the following
main proposition for the truncated Green’s functions gλ,L, which will be proved in
the following subsections.
Proposition 3.4. There exists a density one subset Λ′ ⊆ Λ, such that for every
ǫ > 0,
sup
x∈T2
r>λ−1/2+ǫ
∣∣∣∣∣ 1πr2
∫
Bx(r)
|gλ,L (y)|2 dy − 1
∣∣∣∣∣→ 0
as λ→∞ along Λ′, where L = λδ, 0 < δ < ǫ/6.
Proof of Theorem 1.1 assuming Proposition 3.4. Take Λ′ ⊆ Λ to be the intersection
of the density one subsets whose existence has been established in Lemma 3.3 and
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Proposition 3.4. By Lemma 3.3, for every x ∈ T2, r > λ−1/2+ǫ, we have∣∣∣∣∣ 1πr2
∫
Bx(r)
|gλ (y)|2 dy − 1
∣∣∣∣∣ ≤
∣∣∣∣∣ 1πr2
∫
Bx(r)
|gλ,L (y)|2 dy − 1
∣∣∣∣∣+Oη (λη−δ/2)
as λ→∞ along Λ′. Hence,
sup
x∈T2
r>λ−1/2+ǫ
∣∣∣∣∣ 1πr2
∫
Bx(r)
|gλ (y)|2 dy − 1
∣∣∣∣∣ ≤ sup
x∈T2
r>λ−1/2+ǫ
∣∣∣∣∣ 1πr2
∫
Bx(r)
|gλ,L (y)|2 dy − 1
∣∣∣∣∣
+Oη
(
λη−δ/2
)
as λ → ∞ along Λ′. Theorem 1.1 now follows from Proposition 3.4, choosing 0 <
δ < ǫ/6 and η < δ/2. 
3.2. An L2-mass expansion. In the following subsections, we prove Proposition
3.4. Our starting point is the following expansion.
Lemma 3.5. Let 0 < δ < 1, L = λδ. We have∫
Bx(r)
|gλ,L (y)|2 dy − πr2
=
2πr2
‖Gλ,L‖2
∑
|n−λ|<L
1
(n− λ)2
∑
ξ 6=ξ′
|ξ|2=|ξ′|2=n
ei〈x−x0,ξ−ξ
′〉 · J1 (r |ξ − ξ
′|)
r |ξ − ξ′|(3.3)
+
2πr2
‖Gλ,L‖2
∑
ζ 6=0
ei〈x−x0,ζ〉 · J1 (r |ζ |)
r |ζ |
∑
||ξ|2−λ|<L
||ξ−ζ|2−λ|<L
|ξ|2 6=|ξ−ζ|2
1(
|ξ|2 − λ
) (
|ξ − ζ |2 − λ
) ,
where J1 is the Bessel function of the first kind of order 1.
Proof. We expand∫
Bx(r)
|gλ,L (y)|2 dy = 1‖Gλ,L‖2
∫
Bx(r)
∑
||ξ|2−λ|<L
||ξ′|2−λ|<L
ei〈y−x0,ξ−ξ
′〉(
|ξ|2 − λ
) (
|ξ′|2 − λ
) dy
= πr2 +
1
‖Gλ,L‖2
∑
||ξ|2−λ|<L
||ξ′|2−λ|<L
ξ 6=ξ′
ei〈−x0,ξ−ξ
′〉(
|ξ|2 − λ
) (
|ξ′|2 − λ
) ∫
Bx(r)
ei〈y,ξ−ξ
′〉 dy.
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Note that by the change of variable z = y−x
r
, we have∫
Bx(r)
ei〈y,ξ−ξ
′〉 dy = r2ei〈x,ξ−ξ
′〉
∫
B0(1)
ei〈z,r(ξ−ξ
′)〉 dz = 2πr2ei〈x,ξ−ξ
′〉J1 (r |ξ − ξ′|)
|ξ − ξ′|
where J1 is the Bessel function of the first kind of order 1. Thus∫
Bx(r)
|gλ,L (y)|2 dy = πr2 + 2πr
2
‖Gλ,L‖2
∑
||ξ|2−λ|<L
||ξ′|2−λ|<L
ξ 6=ξ′
ei〈x−x0,ξ−ξ
′〉(
|ξ|2 − λ
) (
|ξ′|2 − λ
) · J1 (r |ξ − ξ′|)
r |ξ − ξ′| .
and (3.3) follows from the change of variable ζ = ξ − ξ′. 
3.3. The first term in (3.3). We would like to evaluate the first term on the
right-hand-side of equation (3.3). For ǫ > 0, let
BR (ǫ) =
n ∈ N2 : minξ 6=ξ′|ξ|2=|ξ′|2=n ‖ξ − ξ
′‖ ≤ n1/2−ǫ
 .
Bourgain and Rudnick [3] proved that
(3.4) # {n ∈ BR (ǫ) : n ≤ X} = O
(
X1−ǫ/3
)
;
this bound was recently improved by Granville and Wigman [7] to
# {n ∈ BR (ǫ) : n ≤ X} = O
(
X1−ǫ (logX)1/2
)
by rather sophisticated methods, though the bound (3.4) is sufficient for our appli-
cation. On recalling (2.1), it follows that BR (ǫ) is a density zero set in N2, i.e.,
on most circles with radius
√
n, there are no lattice points with distance smaller or
equal to n1/2−ǫ. The next lemma shows that most elements of Λ are far from the
elements of BR (ǫ).
Lemma 3.6. Let ǫ > 0, 0 < δ < 1. We have
(3.5) # {λ ∈ Λ : λ ≤ X, ∃n ∈ BR (ǫ) . |n− λ| ≤ L} = O
(
X1−ǫ/3+δ
)
where L = λδ.
Proof. We have
# {λ ∈ Λ : λ ≤ X, ∃n ∈ BR (ǫ) . |n− λ| ≤ L} ≤ ∑
λ∈Λ
λ≤X
∑
n∈BR(ǫ)
|n−λ|≤L
1 ≤ ∑
n≤2X
n∈BR(ǫ)
∑
λ∈Λ
|n−λ|≤Xδ
1
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where in the second inequality we have changed the order of summation and replaced
L with Xδ. The bound (3.5) follows from the trivial bound
#
{
λ ∈ Λ : |n− λ| ≤ Xδ
}
≪ Xδ
and the bound (3.4). 
Choosing L = λδ with 0 < δ = δ (ǫ) < ǫ/3, we conclude that the set
Λ′′ (ǫ) = {λ ∈ Λ : |n− λ| ≤ L =⇒ n /∈ BR (ǫ)}
is a density one subset in Λ. From now on, we restrict to λ ∈ Λ0 := Λ′′ (ǫ/2), so
that for 0 < δ = δ (ǫ) < ǫ/6, Λ0 is a density one subset in Λ. We are now ready to
evaluate the first term on the right-hand-side of equation (3.3).
Lemma 3.7. Let ǫ > 0, 0 < δ < ǫ/6, L = λδ. We have
(3.6)
sup
x∈T2
r>λ−1/2+ǫ
∣∣∣∣∣∣∣∣∣
1
‖Gλ,L‖2
∑
|n−λ|<L
1
(n− λ)2
∑
ξ 6=ξ′
|ξ|2=|ξ′|2=n
ei〈x−x0,ξ−ξ
′〉 · J1 (r |ξ − ξ
′|)
r |ξ − ξ′|
∣∣∣∣∣∣∣∣∣ = O
(
λ−ǫ/2
)
along λ ∈ Λ0.
Proof. Since λ ∈ Λ0 = Λ′′ (ǫ/2) , the inner summation on the left-hand-side of (3.6)
can be restricted to |ξ − ξ′| > n1/2−ǫ/2. Since J1 (x)≪ x−1/2, it follows that∑
ξ 6=ξ′
|ξ|2=|ξ′|2=n
ei〈x−x0,ξ−ξ
′〉 · J1 (r |ξ − ξ
′|)
r |ξ − ξ′| ≪
1
r3/2
∑
ξ 6=ξ′
|ξ|2=|ξ′|2=n
|ξ−ξ′|>n1/2−ǫ/2
.
1
|ξ − ξ′|3/2
≪ 1
r3/2
r2 (n)
2 1
n3/4−3ǫ/4
and therefore the expression inside the supremum in (3.6) is bounded above by
1
‖Gλ,L‖2
∑
|n−λ|<L
1
(n− λ)2
r2 (n)
2
r3/2n3/4−3ǫ/4
≪ λ
−3/4+ǫ
r3/2
where we have used the bound (2.2) and the fact that
‖Gλ,L‖2 =
∑
|n−λ|<L
r2 (n)
(n− λ)2 .
The estimate (3.6) now follows, since we take the supremum over r > λ−1/2+ǫ. 
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3.4. The second term in (3.3). Fix λ ∈ Λ0. Our next goal is to evaluate the
second term on the right-hand-side of equation (3.3). Note that∣∣∣|ξ − ζ |2 − λ∣∣∣ = ∣∣∣|ξ|2 − λ− 2 〈ξ, ζ〉+ |ζ |2∣∣∣
so that
(3.7) |ζ |2 ≤
∣∣∣|ξ − ζ |2 − λ∣∣∣+ ∣∣∣|ξ|2 − λ∣∣∣+ 2 |〈ξ, ζ〉| .
Thus, if
∣∣∣|ξ|2 − λ∣∣∣ < L and ∣∣∣|ξ − ζ |2 − λ∣∣∣ < L, then using Cauchy-Schwarz inequality,
(3.7) implies
|ζ |2 < 2L+ 2 |〈ξ, ζ〉| ≤ 5 |ζ |
√
λ
and therefore the outer summation of the second term in (3.3) can be restricted to
|ζ | ≤ 5√λ. We can also write∣∣∣|ξ − ζ |2 − λ∣∣∣ = ∣∣∣|ξ|2 − λ− 〈2ξ − ζ, ζ〉∣∣∣ ,
so that
|〈2ξ − ζ, ζ〉| ≤
∣∣∣|ξ − ζ |2 − λ∣∣∣+ ∣∣∣|ξ|2 − λ∣∣∣ ,
and therefore the inner summation of the second term in (3.3) can be restricted to
ξ ∈ Z2 which satisfy
∣∣∣|ξ|2 − λ∣∣∣ < L and
0 < |〈2ξ − ζ, ζ〉| < 2L,
and in particular (since |ξ|2 ≥ λ/2 for λ ≥ 4, assuming δ < 1
2
),
0 < |〈2ξ − ζ, ζ〉| ≤ 3 |ξ|2δ .
For every ζ 6= 0, define
Aζ,δ =
{
ξ ∈ Z2 : 0 < |〈2ξ − ζ, ζ〉| ≤ 3 |ξ|2δ
}
and
Bζ,δ =
ξ˜ ∈ Z2 : 0 < ∣∣∣〈ξ˜, ζ〉∣∣∣ ≤ 3
∣∣∣∣∣ ξ˜ + ζ2
∣∣∣∣∣
2δ
 .
For any X sufficiently large such that |ζ | ≤ 5√X we have
#
{
ξ ∈ Aζ,δ : |ξ|2 ≤ 2X
}
≤ #
{
ξ˜ ∈ Bζ,δ :
∣∣∣ξ˜ + ζ ∣∣∣2 ≤ 8X}(3.8)
≤ #
{
ξ˜ ∈ Bζ,δ :
∣∣∣ξ˜∣∣∣ ≤ |ζ |+ 3X1/2}
≤ #
{
ξ˜ ∈ Bζ,δ :
∣∣∣ξ˜∣∣∣ ≤ 8X1/2} .
Next, we estimate the right-hand-side of (3.8).
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Lemma 3.8. Let 0 < δ < 1/2, ζ 6= 0. For X sufficiently large such that |ζ | ≤ 5√X,
we have
#
{
ξ˜ ∈ Bζ,δ :
∣∣∣ξ˜∣∣∣ ≤ 8X1/2}≪ X1/2+δ|ζ | .
Proof. Denote ζ = (m,n), and let d = gcd (m,n). For any l ∈ Z, there is a solution
to the equation
(3.9)
〈
ξ˜, ζ
〉
= l
if and only if d | l, and then if ξ˜0 is a solution, the other solutions are given by
ξ˜ = ξ˜0 + k
(
−n
d
,
m
d
)
where k ∈ Z. Thus, for l satisfying d | l, the number of solutions ξ˜ to (3.9) such that∣∣∣ξ˜∣∣∣ ≤ 8X1/2 is bounded above (up to a constant factor) by
X1/2∣∣∣(−n
d
, m
d
)∣∣∣ =
dX1/2
|ζ | .
We deduce that
#
{
ξ˜ ∈ Bζ,δ :
∣∣∣ξ˜∣∣∣ ≤ 8X1/2}≪ dX1/2|ζ | ∑
1≤|l|≤21Xδ
d|l
1≪ X
1/2+δ
|ζ |
(note that it is crucial that l 6= 0 for the last inequality to hold). 
Next, we show that for most of the elements of λ ∈ Λ0, if
∣∣∣|ξ|2 − λ∣∣∣ ≤ L, then ξ is
not an element of Aζ,δ.
Lemma 3.9. Let 0 < δ < 1/2, ζ 6= 0. For X sufficiently large such that |ζ | ≤ 5√X,
we have
#
{
λ ∈ Λ0 : λ ≤ X, ∃ξ ∈ Aζ,δ.
∣∣∣|ξ|2 − λ∣∣∣ ≤ L}≪ X1/2+2δ|ζ |
where L = λδ.
Proof. We have
#
{
λ ∈ Λ0 : λ ≤ X, ∃ξ ∈ Aζ,δ.
∣∣∣|ξ|2 − λ∣∣∣ ≤ L} ≤ ∑
λ∈Λ0
λ≤X
∑
ξ∈Aζ,δ
||ξ|2−λ|≤L
1
≤ ∑
ξ∈Aζ,δ
|ξ|2≤2X
∑
λ∈Λ0||ξ|2−λ|≤Xδ
1,
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where in the last inequality we changed the order of summation and replaced L = λδ
with Xδ. By the trivial bound{
λ ∈ Λ0 :
∣∣∣|ξ|2 − λ∣∣∣ ≤ Xδ}≪ Xδ
and using the bound (3.8) and Lemma 3.8, we get
#
{
λ ∈ Λ0 : λ ≤ X, ∃ξ ∈ Aζ,δ.
∣∣∣|ξ|2 − λ∣∣∣ ≤ L}≪ Xδ ·# {ξ ∈ Aζ,δ : |ξ|2 ≤ 2X}
≤ Xδ ·#
{
ξ˜ ∈ Bζ,δ :
∣∣∣ξ˜∣∣∣ ≤ 8X1/2}
≪ X
1/2+2δ
|ζ | .

For λ ∈ Λ0 and ζ 6= 0, denote
gζ (λ) =
1 ∃ξ ∈ Aζ,δ.
∣∣∣|ξ|2 − λ∣∣∣ ≤ L
0 otherwise.
Lemma 3.10. Let ǫ > 0, 0 < δ < ǫ/6, λ ∈ Λ0, L = λδ. We have
(3.10)
sup
x∈T2
r>λ−1/2+ǫ
∣∣∣∣∣ 1πr2
∫
Bx(r)
|gλ,L (y)|2 dy − 1
∣∣∣∣∣≪ ∑
0<|ζ|≤5√λ
gζ (λ) · sup
r>λ−1/2+ǫ
|J1 (r |ζ |)|
r |ζ | + λ
−ǫ/2.
Proof. By (3.3) and by the bound (3.6), we have∣∣∣∣∣
∫
Bx(r)
|gλ,L (y)|2 dy − πr2
∣∣∣∣∣
≪ r
2
‖Gλ,L‖2
∑
ζ 6=0
gζ (λ) · |J1 (r |ζ |)|
r |ζ |
∑
||ξ|2−λ|<L
||ξ−ζ|2−λ|<L
|ξ|2 6=|ξ−ζ|2
1∣∣∣|ξ|2 − λ∣∣∣ ∣∣∣|ξ − ζ |2 − λ∣∣∣ + r2λ−ǫ/2.
(3.11)
By the Cauchy-Schwarz inequality,
(3.12)
∑
||ξ|2−λ|<L
||ξ−ζ|2−λ|<L
|ξ|2 6=|ξ−ζ|2
1∣∣∣|ξ|2 − λ∣∣∣ ∣∣∣|ξ − ζ |2 − λ∣∣∣ ≤ ‖Gλ,L‖2 ;
the bound (3.10) now follows substituting (3.12) into (3.11). 
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3.5. Proof of Proposition 3.4. Proposition 3.4 will follow from the following esti-
mate, which we are now ready to prove.
Lemma 3.11. Let ǫ > 0, 0 < δ < ǫ/6. We have
(3.13)
∑
λ∈Λ0
λ≤X
sup
x∈T2
r>λ−1/2+ǫ
∣∣∣∣∣ 1πr2
∫
Bx(r)
|gλ,L (y)|2 dy − 1
∣∣∣∣∣ = O (X1−ǫ/2) ,
where L = λδ.
Proof. By (3.10), we have∑
λ∈Λ0
λ≤X
sup
x∈T2
r>λ−1/2+ǫ
∣∣∣∣∣ 1πr2
∫
Bx(r)
|gλ,L (y)|2 dy − 1
∣∣∣∣∣
≪ ∑
λ∈Λ0
λ≤X
∑
0<|ζ|≤5√λ
gζ (λ) · sup
r>X−1/2+ǫ
|J1 (r |ζ |)|
r |ζ | +
∑
λ∈Λ0
λ≤X
λ−ǫ/2
≪ ∑
0<|ζ|≤5√X
#
{
λ ∈ Λ0 : λ ≤ X, ∃ξ ∈ Aζ .
∣∣∣|ξ|2 − λ∣∣∣ ≤ L} · sup
r>X−1/2+ǫ
|J1 (r |ζ |)|
r |ζ |
+X1−ǫ/2 ≪ X1/2+2δ ∑
ζ 6=0
sup
r>X−1/2+ǫ
|J1 (r |ζ |)|
r |ζ |2 +X
1−ǫ/2
(3.14)
where the last estimate follows from Lemma 3.9. Since J1 (x)≪ min
{
x, x−1/2
}
, we
have
sup
r>X−1/2+ǫ
|J1 (r |ζ |)|
r |ζ |2 ≪ min
 1|ζ | , X
3/4− 3
2
ǫ
|ζ |5/2
 .
Thus
(3.15)
∑
ζ 6=0
sup
r>X−1/2+ǫ
|J1 (r |ζ |)|
r |ζ |2 ≪
∑
0<|ζ|≤X1/2−ǫ
1
|ζ | +X
3/4− 3
2
ǫ
∑
|ζ|>X1/2−ǫ
1
|ζ |5/2 .
We have (e.g., by comparison to an integral, or by partial summation)
(3.16)
∑
0<|ζ|≤X1/2−ǫ
1
|ζ | ≪ X
1/2−ǫ
and
(3.17) X3/4−
3
2
ǫ
∑
|ζ|>X1/2−ǫ
1
|ζ |5/2 ≪ X
1/2−ǫ.
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Substituting the bounds (3.16) and (3.17) into (3.15) and then substituting back into
(3.14), we get∑
λ∈Λ0
λ≤X
sup
x∈T2
r>λ−1/2+ǫ
∣∣∣∣∣ 1πr2
∫
Bx(r)
|gλ,L (y)|2 dy − 1
∣∣∣∣∣≪ X1+2δ−ǫ +X1−ǫ/2 ≪ X1−ǫ/2.

Proof of Proposition 3.4. Let 0 < δ = δ (ǫ) < ǫ/6, and let
Bǫ1 =
λ ∈ Λ0 : supx∈T2
r>λ−1/2+ǫ
∣∣∣∣∣ 1πr2
∫
Bx(r)
|gλ,L (y)|2 dy − 1
∣∣∣∣∣ > λ−ǫ/4
 .
Then by the Markov inequality and by Lemma 3.11,
# {λ ∈ Bǫ1 : λ ≤ X} ≪ Xǫ/4
∑
λ∈Λ0
λ≤X
sup
x∈T2
r>λ−1/2+ǫ
∣∣∣∣∣ 1πr2
∫
Bx(r)
|gλ,L (y)|2 dy − 1
∣∣∣∣∣≪ X1−ǫ/4.
Thus
Λǫ1 := Λ0 \Bǫ1 =
λ ∈ Λ0 : supx∈T2
r>λ−1/2+ǫ
∣∣∣∣∣ 1πr2
∫
Bx(r)
|gλ,L (y)|2 dy − 1
∣∣∣∣∣ < λ−ǫ/4

is a density one subset in Λ. By a standard diagonal argument, we obtain a set Λ1
of density one in Λ which does not depend on ǫ, such that for every ǫ > 0
sup
x∈T2
r>λ−1/2+ǫ
∣∣∣∣∣ 1πr2
∫
Bx(r)
|gλ,L (y)|2 dy − 1
∣∣∣∣∣→ 0
along λ ∈ Λ1, completing the proof of Proposition 3.4. 
4. Proofs of Theorem 1.2 and Theorem 1.3 (d = 3)
4.1. Preliminary lemmas. Let d = 3, and recall that N3 is the set of numbers
expressible as a sum of three squares, and that the elements of Λ (the set of new
eigenvalues) interlace with the elements of N3. We recall the following results proved
in [29], which are the three-dimensional analogues of Lemma 3.1 and Lemma 3.2.
Lemma 4.1 ([29, Lemma 3.1, Lemma 3.2]).
(1) For every λ ∈ Λ, we have ‖Gλ‖2 ≫η λ1/2−η.
(2) Let 0 < δ < 1. For every λ ∈ Λ, we have ‖gλ − gλ,L‖2 ≪η λ−δ+η (L = λδ).
(3) For every λ ∈ Λ, we have ‖Gλ,L‖2 ≫η λ1/2−η (L = λδ).
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As a corollary of Lemma 4.1, we state the following lemma, which is the three-
dimensional analogue of Lemma 3.3.
Lemma 4.2. Let 0 < δ < 1. For every λ ∈ Λ, we have
sup
x∈T3
r∈R
∣∣∣∣∣
∫
Bx(r)
|gλ (y)|2 dy −
∫
Bx(r)
|gλ,L (y)|2 dy
∣∣∣∣∣ = Oη (λη−δ/2) ,
where L = λδ.
Proof. Similar to the proof of Lemma 3.3. 
Taking Lemma 4.2 into account, Theorem 1.2 immediately follows from the follow-
ing proposition.
Proposition 4.3. Let ǫ > 0. We have
sup
x∈T2
r>λ−1/12+ǫ
∣∣∣∣∣ 14
3
πr3
∫
Bx(r)
|gλ,L (y)|2 dy − 1
∣∣∣∣∣→ 0
as λ→∞ along Λ, where L = λδ, 0 < δ < ǫ.
Proof of Theorem 1.2 assuming Proposition 4.3. By Lemma 4.2, for every x ∈ T3,
r > λ−1/12+ǫ, we have∣∣∣∣∣ 14
3
πr3
∫
Bx(r)
|gλ (y)|2 dy − 1
∣∣∣∣∣ ≤
∣∣∣∣∣ 14
3
πr3
∫
Bx(r)
|gλ,L (y)|2 dy − 1
∣∣∣∣∣+Oη (λη−δ/2) .
Hence,
sup
x∈T2
r>λ−1/12+ǫ
∣∣∣∣∣ 14
3
πr3
∫
Bx(r)
|gλ (y)|2 dy − 1
∣∣∣∣∣ ≤ sup
x∈T2
r>λ−1/12+ǫ
∣∣∣∣∣ 14
3
πr3
∫
Bx(r)
|gλ,L (y)|2 dy − 1
∣∣∣∣∣
+Oη
(
λη−δ/2
)
.
Theorem 1.2 now follows from Proposition 4.3, choosing δ < ǫ and η < δ/2. 
We will use the following approximation to the characteristic function of a ball of
radius r (“Beurling-Selberg polynomials”) appearing in the work of Harman [11].
Lemma 4.4 ([11, Lemma 4]). Let T, r > 0 such that Tr > 1. There exist trigono-
metric polynomials a± such that:
(1) a− (y) ≤ 1B0(r) (y) ≤ a+ (y) .
(2) aˆ± (ζ) = 0 if |ζ | ≥ T .
(3) aˆ± (0) = vol (B0 (r)) +Od
(
rd−1/T
)
.
(4) |aˆ± (ζ)| ≪d rd.
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Given x ∈ T3, the polynomials b±x (y) = a± (y − x) satisfy
(4.1) b−x (y) ≤ 1Bx(r) (y) ≤ b+x (y)
and also satisfy properties (2)–(4) of Lemma 4.4. Proposition 4.3 will follow from
the following proposition, which will be proved in the following subsections.
Proposition 4.5. Let ǫ > 0. We have
sup
x∈T2
r>λ−1/12+ǫ
∣∣∣∣∣ 14
3
πr3
∫
T3
b±x (y) |gλ,L (y)|2 dy − 1
∣∣∣∣∣→ 0
as λ→∞ along Λ, where L = λδ, 0 < δ < ǫ.
Proof of Proposition 4.3 assuming Proposition 4.5. For every x ∈ T3, r > λ−1/12+ǫ,
the bounds (4.1) imply
1
4
3
πr3
∫
T3
b−x (y) |gλ,L (y)|2 dy ≤
1
4
3
πr3
∫
Bx(r)
|gλ,L (y)|2 dy
≤ 14
3
πr3
∫
T3
b+x (y) |gλ,L (y)|2 dy.
Proposition 4.3 now clearly follows from Proposition 4.5. 
4.2. An L2-mass expansion. Our starting point towards proving Proposition 4.5,
as well as proving Theorem 1.3, is the following expansion.
Lemma 4.6. Let T, r > 0 such that Tr > 1, and let 0 < δ < 1, L = λδ. We have∫
T3
b±x (y) |gλ,L (y)|2 dy −
4
3
πr3
=
1
‖Gλ,L‖2
∑
0<|ζ|<T
bˆ±x (ζ) e
−i〈x0,ζ〉 ∑
||ξ|2−λ|<L
||ξ−ζ|2−λ|<L
1(
|ξ|2 − λ
) (
|ξ − ζ |2 − λ
) +O (r2/T) .
(4.2)
Proof. We expand∫
T3
b±x (y) |gλ,L (y)|2 dy =
1
‖Gλ,L‖2
∑
||ξ|2−λ|<L
||ξ′|2−λ|<L
e−i〈x0,ξ−ξ
′〉(
|ξ|2 − λ
) (
|ξ′|2 − λ
) bˆ±x (ξ − ξ′)
and writing ζ = ξ − ξ′, the lemma follows from properties (2) and (3) of Lemma
4.4. 
For each ζ 6= 0, denote |ζ |2 = nζ = 4aζnζ1 with 4 ∤ nζ1.
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Definition 4.7. Define
N ζ0 = {n ∈ N3 : n = 4an1, 4 ∤ n1 ⇒ a > aζ}
and
N1 = {n ∈ N3 : n = 4an1, 4 ∤ n1 ⇒ a ≤ aζ} .
Denote by nλ the element of N3 which is closest to λ ∈ Λ (if there are two elements
with the same distance, we take the nλ to be the smallest among them). We recall
the following results, proved in [29].
Lemma 4.8 ([29, Lemma 3.6, Corollary 3.7, Lemma 3.8]).
(1) For every ξ ∈ Z3, if |ξ|2 = |ξ − ζ |2 , then |ξ|2 ∈ N ζ1 .
(2) For every ξ ∈ Z3, if |ξ|2 ∈ N ζ0 , then
∣∣∣|ξ|2 − |ξ − ζ |2∣∣∣ ≥ 1.
(3) If nλ ∈ N ζ0 , then
∣∣∣|ξ|2 − λ∣∣∣ < 1/2⇒ ∣∣∣|ξ − ζ |2 − λ∣∣∣ > 1/2, for every ξ ∈ Z3.
To evaluate the right-hand-side of (4.2), we consider separately the summation
over 0 < |ζ | < T such that nλ ∈ N ζ0 , and over 0 < |ζ | < T such that nλ ∈ N ζ1 . Our
main tool for evaluating the sums in both cases, will be the following estimate for
the number of lattice points inside spherical strips, which is a uniform version of [29,
Lemma A.1].
Lemma 4.9. Let C1, C2, C3 > 0, 0 < δ < 1, L = λδ, 0 < |ζ | ≤ C1
√
λ. For every
n ∈ N3 satisfying |n− λ| < C2L, we have
#
{
ξ ∈ Z3 : |ξ|2 = n, |〈2ξ − ζ, ζ〉| < C3L
}
≪C1,C2,C3,η Lλη.
Proof. Denote ζ = (ζ1, ζ2, ζ3) , and assume without loss of generality that ζ3 6= 0. Let
n ∈ N3 so that |n− λ| < C2L, so we are looking for ξ = (x, y, z) such |ξ|2 = n, and
such that 〈2ξ − ζ, ζ〉 = m, where |m| < C3L. In this notation, we have x2+y2+z2 =
n, and
2xζ1 + 2yζ2 + 2zζ3 = m+ |ζ |2 .
Since ζ3 6= 0, we can write z = m+|ζ|
2−2ζ1x−2ζ2y
2ζ3
, and substituting, we get
(4.3) ax2 + 2bxy + cy2 + 2dx+ 2ey + f = 0
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where
a = 4ζ21 + 4ζ
2
3
b = 4ζ1ζ2
c = 4ζ22 + 4ζ
2
3
d = −2ζ1
(
m+ |ζ |2
)
e = −2ζ2
(
m+ |ζ |2
)
f = −4ζ23n +
(
m+ |ζ |2
)2
.
Note that c > 0, ac − b2 = 16ζ23 |ζ |2 > 0, and denote ac − b2 = t2D, where D > 0
is squarefree. By a simple sequence of changes of variables (see the proof of [29,
Lemma A.1]), the number of integer solutions to equation (4.3) is bounded above by
the number of integer solutions to the equation
(4.4) x2 +Dy2 = k,
where
k =
(
ac− b2
) (
−cf + e2
)
+ (cd− be)2 .
In the proof of [29, Lemma A.1]), we obtained that the number of integer solutions
to equation (4.4) is bounded above by 6τ (k), where τ (k) ≪η kη is the number of
divisors of k. Since |ζ | ≤ C1
√
λ and |n− λ| < C2L, we deduce that the number of
solutions is≪C1,C2,C3,η λη for every fixedm such that |m| < C3L. Taking into account
the various choices for m we get that the number of solutions is ≪C1,C2,C3,η Lλη. 
4.3. The case nλ ∈ N ζ0 . In light of Lemma 4.8, for every 0 < |ζ | < T such that
nλ ∈ N ζ0 , we can split the inner summation on the right-hand-side of (4.2) into three
sums over the following ranges:
(1) 1
2
≤
∣∣∣|ξ|2 − λ∣∣∣ < L, 1
2
≤
∣∣∣|ξ − ζ |2 − λ∣∣∣ ≤ L (Denote this sum by ∑1).
(2)
∣∣∣|ξ|2 − λ∣∣∣ < 1
2
, 1
2
≤
∣∣∣|ξ − ζ |2 − λ∣∣∣ ≤ L (Denote this sum by ∑2).
(3) 1
2
≤
∣∣∣|ξ|2 − λ∣∣∣ < L, ∣∣∣|ξ − ζ |2 − λ∣∣∣ < 1
2
(Denote this sum by
∑3).
We will use Lemma 4.9 to estimate
∑1,∑2 and ∑3, which will give the required
bound in the case nλ ∈ N ζ0 .
Lemma 4.10. Let 0 < δ < 1, L = λδ. For every fixed 0 < |ζ | < T such that nλ ∈ N ζ0 ,
we have ∑
||ξ|2−λ|<L
||ξ−ζ|2−λ|<L
1(
|ξ|2 − λ
) (
|ξ − ζ |2 − λ
) ≪η λ2δ+η + ‖Gλ,L‖ λδ/2+η/2.
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Proof. Recall that if
∣∣∣|ξ|2 − λ∣∣∣ < L and ∣∣∣|ξ − ζ |2 − λ∣∣∣ < L, then
|〈2ξ − ζ, ζ〉| =
∣∣∣|ξ|2 − |ξ − ζ |2∣∣∣ ≤ ∣∣∣|ξ|2 − λ∣∣∣+ ∣∣∣|ξ − ζ |2 − λ∣∣∣ < 2L.
By Lemma 4.9, we have∑1 1(
|ξ|2 − λ
) (
|ξ − ζ |2 − λ
) ≪∑1 1
≪ ∑
|n−λ|<L
#
{
ξ ∈ Z3 : |ξ|2 = n, |〈2ξ − ζ, ζ〉| < 2L
}
≪η Lλη
∑
|n−λ|<L
1≪ L2λη = λ2δ+η.
Next, using the Cauchy-Schwarz inequality and Lemma 4.9 again, we have∑2 1(
|ξ|2 − λ
) (
|ξ − ζ |2 − λ
) ≪∑2 1∣∣∣|ξ|2 − λ∣∣∣ ≪ ‖Gλ,L‖
(∑2
1
)1/2
≪ ‖Gλ,L‖
(
#
{
ξ ∈ Z3 : |ξ|2 = nλ, |〈2ξ − ζ, ζ〉| < 2L
})1/2
≪η ‖Gλ,L‖L1/2λη/2 = ‖Gλ,L‖ λδ/2+η/2.
The sum
∑3 is treated like ∑2 and is bounded by the same quantity. 
We deduce a bound for the sum on the right-hand-side of (4.2) restricted to 0 <
|ζ | < T such that nλ ∈ N ζ0 .
Corollary 4.11. Let T, r > 0 such that Tr > 1, and let 0 < δ < 1, L = λδ. We have∑
0<|ζ|<T
nλ∈N ζ0
bˆ±x (ζ) e
−i〈x0,ζ〉 ∑
||ξ|2−λ|<L
||ξ−ζ|2−λ|<L
1(
|ξ|2 − λ
) (
|ξ − ζ |2 − λ
)(4.5)
≪η r3T 3
(
λ2δ+η + ‖Gλ,L‖λδ/2+η/2
)
.
Proof. This follows immediately from Lemma 4.10 and property (4) of Lemma 4.4.

4.4. The case nλ ∈ N ζ1 .
Lemma 4.12. Let 0 < δ < 1, L = λδ. For every fixed 0 < |ζ | < T such that nλ ∈ N ζ1 ,
we have ∑
||ξ|2−λ|<L
||ξ−ζ|2−λ|<L
1(
|ξ|2 − λ
) (
|ξ − ζ |2 − λ
) ≪η λ2δ+η + ‖Gλ,L‖2 Tλδ− 12+2η.
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Proof. By the Cauchy-Schwarz inequality,∑
||ξ|2−λ|<L
||ξ−ζ|2−λ|<L
1(
|ξ|2 − λ
) (
|ξ − ζ |2 − λ
)(4.6)
≪

∑
||ξ|2−λ|<L
|〈2ξ−ζ,ζ〉|<2L
1(
|ξ|2 − λ
)2

1/2
∑
||ξ−ζ|2−λ|<L
|〈2ξ−ζ,ζ〉|<2L
1(
|ξ − ζ |2 − λ
)2

1/2
.
Consider the first summation on the right-hand-side of (4.6)
(4.7)
∑
||ξ|2−λ|<L
|〈2ξ−ζ,ζ〉|<2L
1(
|ξ|2 − λ
)2
and split it into two sums
∑4+∑5, where in ∑4 the summation is over ξ such that
|ξ|2 6= nλ,
∣∣∣|ξ|2 − λ∣∣∣ < L and |〈2ξ − ζ, ζ〉| < 2L, and in ∑5 the summation is over ξ
such that |ξ|2 = nλ and |〈2ξ − ζ, ζ〉| < 2L.
If |ξ|2 6= nλ, then
∣∣∣|ξ|2 − λ∣∣∣ ≥ 1
2
, and therefore Lemma 4.9 yields
∑4 1(
|ξ|2 − λ
)2 ≪ ∑
||ξ|2−λ|<L
|〈2ξ−ζ,ζ〉|<2L
1≪ ∑
|n−λ|<L
#
{
ξ ∈ Z3 : |ξ|2 = n, |〈2ξ − ζ, ζ〉| < 2L
}(4.8)
≪η
∑
|n−λ|<L
Lλη ≪ L2λη = λ2δ+η.
To bound
∑5, note that by Lemma 4.9,∑5 1(
|ξ|2 − λ
)2 = 1(nλ − λ)2#
{
ξ ∈ Z3 : |ξ|2 = nλ, |〈2ξ − ζ, ζ〉| < 2L
}
≪η Lλ
η
(nλ − λ)2
and therefore
(4.9)
∑5 1
(|ξ|2−λ)2
‖Gλ,L‖2
≪η
Lλη
(nλ−λ)2
‖Gλ,L‖2
≪
Lλη
(nλ−λ)2
r3(nλ)
(nλ−λ)2
=
Lλη
r3 (nλ)
.
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But since nλ ∈ N ζ1 , if we write nλ = 4an1 with 4 ∤ n1, then nλ ≤ 4aζn1. Moreover,
2aζ ≤ T , and therefore, by (2.3),
Lλη
r3 (nλ)
=
λδ+η
r3 (n1)
≪η λ
δ+η
n
1/2−η
1
≪ 2
aζλδ+η
n
1/2−η
λ
≪ Tλδ− 12+2η,
so ∑5 1(
|ξ|2 − λ
)2 ≪η ‖Gλ,L‖2 Tλδ− 12+2η.
As for the second summation on the right-hand-side of (4.6), note that
(4.10)
∑
||ξ−ζ|2−λ|<L
|〈2ξ−ζ,ζ〉|<2L
1(
|ξ − ζ |2 − λ
)2 = ∑∣∣∣|ξ˜|2−λ∣∣∣<L
|〈2ξ˜+ζ,ζ〉|<2L
1(∣∣∣ξ˜∣∣∣2 − λ)2
and this summation can be bounded in the same way. Therefore∑
||ξ|2−λ|<L
||ξ−ζ|2−λ|<L
1(
|ξ|2 − λ
) (
|ξ − ζ |2 − λ
) ≪η λ2δ+η + ‖Gλ,L‖2 Tλδ− 12+2η.

We deduce a bound for the sum on the right-hand-side of (4.2), now restricted to
0 < |ζ | < T such that nλ ∈ N ζ1 .
Corollary 4.13. Let T, r > 0 such that Tr > 1, and let 0 < δ < 1, L = λδ. We have∑
0<|ζ|<T
nλ∈N ζ1
bˆ±x (ζ) e
−i〈x0,ζ〉 ∑
||ξ|2−λ|<L
||ξ−ζ|2−λ|<L
1(
|ξ|2 − λ
) (
|ξ − ζ |2 − λ
)(4.11)
≪η r3T 3
(
λ2δ+η + ‖Gλ,L‖2 Tλδ− 12+2η
)
.
Proof. This follows immediately from Lemma 4.12 and property (4) of Lemma 4.4.

4.5. Proof of Proposition 4.5. We are now able to prove Proposition 4.5.
Proof of Proposition 4.5 . Substituting (4.5) and (4.11) into the right-hand-side of
(4.2) and using the third part of Lemma 4.1, we conclude that for r, T > 0 such that
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Tr > 1, we have∫
T3
b±x (y) |gλ,L (y)|2 dy −
4
3
πr3 ≪η r3T 3
 λ2δ+η
‖Gλ,L‖2
+
λ
δ
2
+ η
2
‖Gλ,L‖ + Tλ
δ− 1
2
+2η
+ r2
T
≪ r3T 4λδ− 12+2η + r3T 3
(
λ2δ−
1
2
+2η + λ
δ
2
− 1
4
+η
)
+
r2
T
.
Choose T = λ1/12−
ǫ
2 . If r > λ−1/12+ǫ, then Tr > 1, and hence if we take η = ǫ,∫
T3
b±x (y) |gλ,L (y)|2 dy −
4
3
πr3 ≪ r3
(
λ
δ
2
− ǫ
2 +
1
rλ
1
12
− ǫ
2
)
≪ r3
(
λ
δ
2
− ǫ
2 + λ−
ǫ
2
)
and the statement of the proposition follows by choosing 0 < δ < ǫ. 
4.6. Proof of Theorem 1.3. In this subsection, we prove Theorem 1.3. Denote
N˜1 =
{
n ∈ N3 : n = 4an1, 4 ∤ n1 ⇒ n1 > n/ log2 n
}
.
Lemma 4.14. The set N˜1 is a density one subset in N3.
Proof. Consider the complement set
N˜0 = N3 \ N˜1 =
{
n ∈ N3 : n = 4an1, 4 ∤ n1 ⇒ n1 ≤ n/ log2 n
}
.
Let X > 0, and assume that n ∈ N˜0 and n ≤ X. Then a ≤ log4X, and n1 ≤
X/ log2X. Since n is uniquely determined by a and n1, we conclude that
#
{
n ∈ N˜0 : n ≤ X
}
≪ X/ logX
so N˜0 is a density zero set in N3, and therefore N˜1 is a density one subset in N3. 
Corollary 4.15. The set
Λ′ =
{
λ ∈ Λ : nλ ∈ N˜1
}
is a density one subset in Λ.
Proof. This is an immediate corollary of Lemma 4.14, since the elements of Λ interlace
with the elements of N3. 
Lemma 4.16. Let ǫ > 0. We have
sup
x∈T2
r>λ−1/6+ǫ
∣∣∣∣∣ 14
3
πr3
∫
T3
b±x (y) |gλ,L (y)|2 dy − 1
∣∣∣∣∣→ 0
as λ→∞ along Λ′, where L = λδ, 0 < δ < ǫ/16.
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Proof. Recall that by Lemma 4.6, for T, r > 0 such that Tr > 1, we have∫
T3
b±x (y) |gλ,L (y)|2 dy −
4
3
πr3
=
1
‖Gλ,L‖2
∑
0<|ζ|<T
bˆ±x (ζ) e
−i〈x0,ζ〉 ∑
||ξ|2−λ|<L
||ξ−ζ|2−λ|<L
1(
|ξ|2 − λ
) (
|ξ − ζ |2 − λ
) +O (r2/T) .
(4.12)
Assume that λ ∈ Λ′, so that nλ ∈ N˜1, and proceed as in the proof of Lemma
4.12: recall the bound (4.6), and as before split the first summation (4.7) on the
right-hand-side of (4.6) into the sums
∑4+∑5. The bound (4.8) for ∑4 still holds:∑4 1(
|ξ|2 − λ
)2 ≪η λ2δ+η.
In order to bound
∑5, recall that by the bound (4.9) we have∑5 1(
|ξ|2 − λ
)2 ≪η ‖Gλ,L‖2 Lληr3 (nλ) .
Write nλ = 4an1 with 4 ∤ n1 so that n1 > nλ/ log
2 nλ. Then by (2.3),
Lλη
r3 (nλ)
=
λδ+η
r3 (n1)
≪ λ
δ+η
n
1/2−η
1
≪ λ
δ+η(
nλ/ log
2 nλ
)1/2−η ≪ λδ− 12+2.5η.
The second summation on the right-hand-side of (4.6) satisfies (4.10), and therefore
can be bounded similarly. Hence,
(4.13)
∑
||ξ|2−λ|<L
||ξ−ζ|2−λ|<L
1(
|ξ|2 − λ
) (
|ξ − ζ |2 − λ
) ≪η λ2δ+η + ‖Gλ,L‖2 λδ− 12+2.5η.
Substituting the bound (4.13) in (4.12), and using property (4) of Lemma 4.4 and
the third part of Lemma 4.1, we obtain∫
T3
b±x (y) |gλ,L (y)|2 dy −
4
3
πr3 ≪ r3T 3
(
λ2δ+η
‖Gλ,L‖2
+ λδ−
1
2
+2.5η
)
+
r2
T
≪ r3
(
T 3λ2δ−
1
2
+2.5η +
1
rT
)
.
If r > λ−1/6+ǫ , and T = λ1/6−
7
8
ǫ > 1
r
, then taking η = ǫ, we have∫
T3
b±x (y) |gλ,L (y)|2 dy −
4
3
πr3 ≪ r3
(
λ2δ−ǫ/8 + λ−ǫ/8
)
.
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The statement of the lemma follows taking 0 < δ < ǫ/16. 
By a standard diagonal argument, and using property (1) of Lemma 4.4, we deduce
the following proposition.
Proposition 4.17. There exists a density one subset Λ′ ⊆ Λ such that for every
ǫ > 0,
sup
x∈T2
r>λ−1/6+ǫ
∣∣∣∣∣ 14
3
πr3
∫
Bx(r)
|gλ,L (y)|2 dy − 1
∣∣∣∣∣→ 0
as λ→∞ along Λ′, where L = λδ, 0 < δ < ǫ/16.
Proof of Theorem 1.3 . By Lemma 4.2, for every x ∈ T3, r > λ−1/6+ǫ, we have∣∣∣∣∣ 14
3
πr3
∫
Bx(r)
|gλ (y)|2 dy − 1
∣∣∣∣∣ ≤
∣∣∣∣∣ 14
3
πr3
∫
Bx(r)
|gλ,L (y)|2 dy − 1
∣∣∣∣∣+Oη (λη−δ/2)
Hence,
sup
x∈T2
r>λ−1/6+ǫ
∣∣∣∣∣ 14
3
πr3
∫
Bx(r)
|gλ (y)|2 dy − 1
∣∣∣∣∣ ≤ sup
x∈T2
r>λ−1/6+ǫ
∣∣∣∣∣ 14
3
πr3
∫
Bx(r)
|gλ,L (y)|2 dy − 1
∣∣∣∣∣
+Oη
(
λη−δ/2
)
.
Theorem 1.3 now follows from Proposition 4.17, choosing δ < ǫ/16 and η < δ/2. 
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